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This paper deals with the aliocation of resources ¢ver time by a monopolistic firm between
growth of the productive capacity and growth of the market-demand capacity. As the demand-
creation relations follow an S-shaped curve, different phases in the behavior of the growing firm
are conceived in which investment cycles occur both in productive and demand-creation
activities. '

The paper analyzes the case of homogeneous resources as well as nonhomogeneous re-
sources. It is shown that in general the phases in the behavior of the growing firm are preserved
in both cases. In the homogeneous case, when there are investment activities in both types of
capital, it is shown that the firm will allocate its resovrces between the two activities in such a
way that the ratio of the rate of growth of demand price (with respect to demand-creation
capital) and the rate of growth of output (with respect to productive capital) will be equal to
one g}:ls the reciprocal of the elasticity of demand and will, therefore, be bounded between
zero and one.

1, Introduction

A monopolistic firm makes decisions over time about the allocation of its
resources between investments in the production process and investments in the
selling process. Within a static framework, there is extensive literature on the
subject; references can be found in Hahn (1959), Dorfman and Steiner (1954),
Hieser and Soper (1966), and Ball (1968). Nerlove and Arrow (1962) formulated
and analyzed a dynamic model for a monopolistic firm facing & demand law
influenced by advertising. In their model they assume that there is a stock of
goodwill measured in units having a price of $1.00 so that a dollar: of adveriising
expenditure increases the stock of goodwill by a like amount. Even though they
initially formulated the problem as a functional one in advertising 2nd price,
they then reduced it to a functional one in advertising alone. Db_ymes (1962)
extended the same model to include investment in productive capital as well.
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Thompson and Proctor (1969) analyzed the behavior of a moropolistic firm
encompassing investments, output prices, informative advertising, and brand
advertising; their model is basically linear in its structure with a linear demand
function and a fixed coefficient production function.

A number of economists [Gould {1968), Treadway (1969),and Lucas(1967a,b),
for example] recently contributed analyses using the ‘cost of adjustment’ argu-
ment to obtain an investment demand function for the competitive firm. Gould
(1970) applied this approach to optimal advertising policy but retained the
assumption of competmve conditiouns in the product market; he did not take into
consideration investment in productive capital. ;

Jacquemin and Thisse (1972) show that it is not necessary to assume a non-
linear cost function in order to have the price of goodwill change over time. They
established that the Nerlove-Arrow theorem (a ratio of a stock and a flow) is not
the direct dynamxc cyunterpart of the Dorfman-Steiner theorem (a ratio of two
flows) and is a special case of a more general expression where the price of
goodwill is not assumed to be equal to unity.

In our present model we use an approach similar to the one adopted by
Hochman et al. (1973) in analyzing the demand for investment in productive and
financial capital and apply it to the relatxons between demand creation and the
gmwth of a monopolistic firm.

As the demand-creation relations follow an S-shaped curve, different phases
in the behavior of the growing firm are conceived.

In the early stages of growth, all resources are invested in the expansion of the
firm’s pro-luction capacity; there is no activity in demand creation. This phase
is followed by a second one in which all investments are channeled to demand-
creation capital. In this phase the firm takes advantage of the increasing mar-
ginal returns to demand-creation capital by diverting into demand creation some
of the existing productive resources acquired during the first phase. In the last
phase the firm chooses to invest in both types of capital. The steady state is
reached in the last phase in regions of decreasmg marginal returns to both types
of capital.

Regarding the optimal dynamic path it is shown that operaticn in a regnon
where the schedule of clemand creation follows an S-shaped curve will result in
an investment cycle in productive capital: Positive investment ‘n the first interval
is followed by disinvestment in the second interval; then there is a renewal of
investment in productive capitad in the Jast interval. The cycle in demand-creation
capital, on the other hand, is characterized by zero investments in the first
interval followed by positive investment at an increasing rate through the
following intervals although, during the last interval, the rate of investment
starts to decrease, Investment in demand creation after it starts is always con-
tinuous, contrary to investment in productive capital.

When there are investment or disinvestment activities in both types of capital
(phases IT and III), it is shown that the Dorfman-Steiner theorem is replacad by
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the following: A firm which can influence the demand for its product through
direct allocation to demand-creation capital will allocate its resources between
this type of capital and productive capital in such a way that the ratio of the
rate of growth of demand price (with respect to demand-creation capital) to
the rate of growth of output (with respect to productive capital) will be equai to
one plus {1e reciprocal of the elasticity of demand and wi'i, therefore, be bounded
between zero and one,

In th . last section the assumption of homogeneous resources ir. relaxed, and
different rates of depreciation as well as different costs of adjustments are
assumed in the two types of stocks. It is shown that in general the three phases in
the behavior of the growing firm are preserved.

2. The model

Let K denote the stock of resources utilized in producing the quantity sold
q. The production function ¢ = g(X) is twice continuously differentiable where
gx >0 and gxx <0. The assumption that production is a function of only one
resource, which may be interpreted as a production function with fixed pro-
portion between capital and labor, is adopted here since it simplifies the exposi-
tion considerably and allows us to concentrate on the main problem of allocaticn
between production and demand creation.

The firm may divert part of its resources (human and non-human), such as
skillful labor, research personnel, and equipment and buildings, to departments
that either involve themselves directly with the promotion of sales [Hieser and
Soper (1966)] or are involved in research and development (R&D) of the product,
i.e., changes in the quality of the product holding the output constant. Let 4
denote this type of capital which is devoted directly to demand creation, and let
the demand reiations be defined by p = p(q,4). The price function is twice
continucusly differentiable with p, <0, p, <0, and p,>0. The second partial
differential p,, behaves as described in fig. 1; it is first positive and then
changes to negative at inflection point (4).

The assumption of S-shaped relations of demand creation has both theoretical
and empirical bases [see the discussions in Rao (1970) and Hieser and Soper
(1966)]. The state of the firm is described by the two variables K and 4 whose
rates of change over time are given by:

K = I-06k, ¢))
A=a—vcA. )

where I denotes gross investment in productive capital and a denotes current
outlays in advertising, R&D, and any other expenditures that directly influence



20 E. Hochman and 0. Hockrian, Demand creation and ¢ firm’s growth

the price of the product at a given output. We assume equal rates of depreiation
of both stocks. This assumption may be justified by considering the total stock
of resources availzble for the firm as pooled together under the heading of
‘capital’ while, on the optimal path, decisions are made as to what portion will
be diverted into: production and what portion will be diverted into demand
creation. This may describe many real world situations, e.g., a firm deciding
about the portion of its products used as samples for sales promotion, consulting
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firms allocating their human resources between the consultation services and
drafting new clients, etr, The assumption of equal retes of depreciation simplifies
the calculations considerably; however, in section 5, when thit: assumption is
relaxed, it is shown that the phases in the behavior .7 the firm rennain essentially
the same. - :

The cash flow during each period of the firm is thus?

R = pqg— W(L‘), (3)

where ¢ = a+1, the total gross investment at period ¢. The ‘acljustment cost’
function w{(c) includes the price of capita’ as well as the cost of acjustments and

The independent variable # will be omitted wh: never possible.
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is dcfined by w{c)&0 for ¢Z0 where w.>0 and w_.>0 for all values of ¢.23
Thus, the maximization problem of such a firm can be stated as follows:

max f® Re™"dr = [* [pg—w(c)] e~ dt )
subject to

K = I-oK,

A=a-0A,

K+120, X(0) = k,,
and

A+az0, 4(0) = 4,.
This is a problem of calculus of variations where the state variables are X and
A and the controls are Jand 2.4

*This can be made more explicit by assuming the cost component in the function to be
equal to 2 ¢ where z is the price of capital in the market. If the capital market is competitive
and zhas a fixed value, the function w{¢) has the following shape:

‘ wic)

s

At the point ¢ = 0, w, == z, the adjustment costs divert the function w{c) from its tangent at
¢ = 0 as ¢ increases or decreases. If the capital market is imperfect, the deviation from the
tangent is increased.

3The same model may duscribe alternatively a firm which allocates its skilled labor between
production and demand creation, other resources being fixed. Note that, if this approach is
adopted, even though labor is hired, it is considered as a stock of human capital. This may be
the case in & firm which supplies services only, and its employees are not fired as a matter of
policy - &.8., the IBM Corporation. The prospective smployee needs special training which is
taken into account in the adiustment costs, and his ‘price’ is measured by the discounted value
of his future salaries. In cass of budget cutting, the firm gains the discounted value of all future
salaries which the fired employees would have received after deduction of costs of adjustment
caused by compensation payments and other frictional costs. We assume that the adjustment
costs of recruiting new employees are the dominant facior so that the adjustmert costs of
reallocating them between the different departments may be ignored.

4See Arrow and Kurz (1970) and Pontryagin et al. (1964).
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3. Daneription of resource aliocation beiween demand creation and g:owth of the
frm

Applying the Maximum Principle [Arrow-Kurz (197¢) and Ponryagin et al.
(1964)] by using the current value Lagrangian

L(A: Ks 11 ’ Az, a, Is Uy “2) ¢ = PQ"‘W(C)'*'A;(“"GA)‘M:(I" GK)

+u(A+a)+p(K+ 1T, &)

we obtain the necessary conditions for maximization as f~llows:
WS4y, (we—41 {4 +a) = 0, (6a)
w.S4;, (we—=2;:XK+1) = 0, (6b)

Whgh(+o)-pg,  [hi-A4(+0)+pgid+a) =0, (6c)
4, 84,(r+0)~qeMR], [A;—Ay(r+0)+gxMRgKK+I) = 0, (6d)
where MRq = d/dg (pg).

Note that, if there is any production and sale activity by the firm, equality
alweys holds in (6b) and (6d); the only alternative is exit from tl'e industry.’
Assuming the conventional negative-sloped marginal revenue curve (MRg),
there is a level of output, say g, , such that

qu[qsp(% 0)120’ fOl' Q«équ

M.thq, P(q’ 0)] éot fOI ngﬂ .
There also exists a vaiue of productive capital K such that
a(R)MRqlg(R), p(a(R), 0)] = p4ia(R), 0] - ¢(R),
where g(R) <q,.

If the initial state is such that X, <K and 4, = 0, the following system of
cquations holds:

and

A=0, a=0, (7a)
A= w(D), (7b)
A Xe+0)-q(K)MRlg(K), O} ()

- Conditions (7b) and (7c) have the usual interpretation: (7b) stutes that ths
shadow price A(f) must be equated to the marginal cost of investment in produc-
tive capital at time ¢; and (7¢) - in integral form ~ states that A(¢) is the dis-
counted value at time ¢ of later values of marginal products of productive
capital which, in turn, equals - by (7b) the immediate marginal cost of adjust-
ment {Treadway (1969)].

*See discussion of the behavior in phase I in section 4 and also in Treadway (1969).
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At K = R, (6a) and (6c) become equalities and the firm starts *o invest in
demand creation as well. The following system . f equations will replace (7),

A+a>0, K+1>0, (82)
A= wio), (8b)
A = Ar+0)—qe(K)MRg[q(K), A] = Ar+0)~—pla(K), Alg(K), (8¢)
qx(K)MRq(g(K), A] = p,[g(K) Ak (K). (8d)

Condition (8¢) - in integral form - states that i(¢) is, at the same time, the dis-
counted value of later values of marginal proc ucts of demand creation capital.
Condition (&d) describes the well-known equaity of the values of the marginal
products of the two types of capital. If we dei ote #,, = (8y/0x)(x/y), then (8d)
can be rewritten

1 1
;{.'?\gx(l ""ng) = :'!' Hpa: (9)

From (9), we can verify that the ratio betwesen the rate of growth in demand
price resulting from investment in A and the mte of growth in output resulting
from investment in K = 1+, From the fict that #,,<0 and the rational
behavior of the monopolist in choosing such catputs that MRg=0, we have on
the optimal path:

Rate of'growth in demand »ricy with respect to A

- : i.
Rate of growth in output wiuh respect to X

A

We now assume weak separability in the demiind relations which imply:©

d
55(';’,4) = 0, (102)
0
Y (79 = 0. (10b)

Thus, under (19), the left-hand side of (9) i a function f(X) of X alone; ard
the right-hand side is a function g(4) of 4 alone

In fig. 2 we draw f{K) as a function of X uncier the assumption of diminishing
marginal preducts of productive capital; and g{A4), as a function of 4 under the
assumption that p(4, g) for any given g, behives as described in fig. 1. The
relations between X and A on the optimal pi th car be derived directly from
fig. 2 and are described in the (K, A) plane by the segmented curve (Q-curve)
irn fig. 3. Let

1 1
Q(Ka A} = E—’igt(l +’a'pq')"2 Npa-

*The meaning of the assumptions of wealt separability is that, in the plane {p, q): tl.xe tangents
to the demand curves for ditfzrent 4's but the same g intersect at the same point; it is the same
inthe(p, A) plane for different ¢’s but the same 4.
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Then the segmented Q-curve can be divided iato three segments:
Sy = {(X, ):0(K, A)>0,05KsR, 4 = ¢},
S; = {(K, A): 0K, ) = 0, KSK<K,05454,),
Sy = {(K, A):0(K, A) = 0, RSK<K, A, s ASw).

This locus divides the plane into two regions. If the initial resources of the
firm (B'y = Ky+ A,) are such that the firm starts in the region to the left and
above the Q-curve where g, MRg > p g, the firm will move instantaneously to the
right on a 45° budget line until it reaches one of the ilree segments of the Q-
curve, This instantaneous movement is the result of the as: umption we made that
transfer of human and non-human capital within the firm Jdoes not involve costs
of adjustment.” If initial resources are such that the firm starts in the region to
the right and below, there will be an instantaneous movement on a 45° budget
line in the opposite direction until one of the last two segments of the Q-curve
is reached.

Ncte that it is only along segments S, and S, that eq. (8) holds and functional
relations exist between 4 and K - the relations of one-to-one correspondence
break down on segment S,. On segment S, (which coincides with the abscissa),
eq. (7) replaces eq. (3). The slope of the C-curve along segments S, and S, is
derived from the total differentiation of eq. (9), under the assumptions of weak
separability in the demand, yielding

dd  7x(K) .
K = 2,4)’ (n
where
-2 -1 0 -1 d
fR(K) =|-K Y +K é;"( (ﬂqx) (1 + ra'pq) +K Nexdx é'q' (npq)
and

p

are correspondingly the slopes of the curves f{K)and g(A) in fig. 2.

Evaluating the sign of /x(K), we assume the following: (1) d1,,/0g <0 resulting
from the assumption of & negatively sloped marginal revenue for all 4, and (2)
qg>0 and ggx <0 resulting from the assumptions on the sign of the first two
derivatives of g(K). These assumptions and the fact that 1>1+n,>0 for
K<K imply fz(K)<0 .or all values of K<K where K satisfies (1 +1,,) = 0. The

- _, 0 1 2
gud) = —A" 3y, +A47! 54 (np4) = ;;(PAA"" E“")

THere, too, the assumption that rechanneling resoures between the two types of capital
does not involve costs of adjustment implicitly assumes the existence of a pooled stock of
capital, Thus, we neglect costs of transferring existing resources from productive use to demand-
croation use (the only case where such a transfer occurs in our model). Only the costs of acquir-
ing capital goods outside the firm are taken intc account here.
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sign of d4/dK will, therefore, be the opposite of g,(4). Note that, by the 3-
shaped curve in fig. 1, weassumedp“>0for4<1

At 4,<4 in figs. 2 and 3, the following equality holds: pM/pA = p,/p, i.e,
the elasncmes of p.and p,, both with ~espect to 4, are equal; and we conclude
that gA(A)EG <4 §A Thus, on s~gment S, the slope of the Q-curve is
negative and increases in its absolute value until it reaches infinity at 4,,. Seg-
ment S3 starts from- 4, , with an infinicely positive slope, decreasing at first and
then increasing. A increases to infinity while X approaches K. Without loss of
generaiity, we assume that d4/dK< - 1 at (K, 0). Otherwise, there will be a
subsegment where 0>dA/dK> —1 which will represent a local minimum; the
firm will not stav on this subsegment but will move instantaneously to the left
along the 45° budget linie until it reaches the ‘right’ part on segment S, .

The optimal behavior of the firm is described by the movement along the
Q-curve from any initial state (given by its intersection with a 45° budget line)
toward a steady state which we will gssume lies in segment 3.% The steady state
may occur only in segments 1 and 2, If it occurs in segment 1, a steady state
without demand-creating capital exists. The case in which the steady state is in
segment 3 is far 1 ~v: interesting and, therefore, was chosen to be represented here.
The necessary ouv.ditions for a steady-state solution are derived from the trans-
versality conditions [eq. (12)], and the existence of the sicady state ensures a
unique solution. A steady-state solution exists if there is a solution in the positive
plane (K, A) to the following set of equations:

wlo(4+K)Kr+0) = qu(K)MRq(K, %),
{pg—wlo(4+K))r+o} 4 = 0.
Under our assumptions, such a solution exists.

If the firm starts from segment §,, X increases up to R, while Q(X, 0)>0.
Along the segiment S, , K decreases; and A4 increases until the point 4,, is reached.
At this point, both K'and 4 increase toward the steady state (K*, 4%). Along S,
and S,, O(X, 4) = 0 holds; note that, though X decreases along S,, the total
resources of the firm are increased. This is demonstrated by the movement to
higher equal wealth lines represented by the 45° budget lines (W*> W, > W)).
On the other hand, if the firm starts at initial wealth W, > W™, K and A4 decrease
monotonically; and the firm will move along S; toward the steady state value
(K*, A%).

The following transvemalxty conditions are additional necessary conditions
[Chetty (1972, sect. 4)):

1im 4,20, limKie™ =limA4d e =0. (12)
(e ] 10 bl ]

Eqs. (6) and (12) constitute = set of necessary conditions for the firm's problem.
(For discussion as to whether the necessary conditions are also sufficient, see
appendix A.)

®The steady state will be analyzed later when phase diagrams are introduced.
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4. The dynamic bebavior of the firm

The functional correspondence between K and 4 makes it possible to construct
alternatively phase diagrams in either the (X, 1) plane or the (4, ) plane repre-
senting the patterns of optimal productive investment and optimal demand-
creation investment, respectively. To construct phase diagrams, we use the
following set of equations derived from conditions (8):°

Iis% P "“’“(de) (13a)
51% ivo e= awx(l-i-g), (13b)
%;é . (r+o0)! [qxfoRq+q£(pqqq+2pq)

4-%93(1 +n,,)] , (13c)
2—% feo (r+o)~! [q(K)pM +Padx 35] (134)
?? K= corst. Z Kmcomst. l/ (H'::r)’ (13¢)
%3-? et %Lcm.. =1 / w“(1+%§) (13f)
e e

A = const,

where d4/dK = fx(K)/g4(A).

The slope of the curve K = 0 in the (X, A) plane (fig. 4) and the slope of the
curve A4 = 0 in the (4, 1) plane (fig. 5) are determined by conditions (13a) and
(13b), respectively. The slopes of the curves A = 0 (figs. 4 and 5) are determmed
by conditions (13¢) and (13d), respectively. Since there is an overlapping in
phases in fig. 4, fig. 6 is used for the exposition of the horizontal and vertical
arrows in the (X, 4) plane. The direction of the horizontal arrows in figs. 5 and
6 can be verified from conditions (13¢) and (13f), correspondingly, and the
direction of the vertical arrows from condition (13g).

In the analys's that follows, we distinguish between three phases which cor-
respond on the Y-curve to the three segments.

*This geometric methad is generally used for problem: _naracte-ized by only one state
variable. In our prob!em the functional correspondence betvx :n Xand A [eq. (11)) allows us to
consider X and A in two separaie phase disgrams,
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Phase I: If the initial amount of resources is such that the firm is on segment 1,
the firm starts at phase I where all investments are implemented into productive
capital. This will characterize the optimal demand for investment as long as

Y 3
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Q(X, 0)>0. From fig. 2 an! fig. 6a, it is clear that the firm will expand first at a
decreasing rate and then at an increasing one. However, the rate of investment in
productive capital is accelerated in comparison with the case where demand
creation is impossible, although at this phase no investment in demand creation

C
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has as yet been made. Note that at this phase some of the Treadway (1969)
inferences about optimal d- mand for investment in productive capital hold even
though we deal with a mo-opolistic firm, especially if we are willing to assume
without loss of generality that f{X) has a rising part at low values of X before
obtaining the negative slope and thus allows for different production structures. !°
At the level of K, the firm moves into phase II.

Phase II: At this phase (which coincides with segment S,), the firm uses all of
its new resources and parts of the existing resources (accumulated in the form of
productive capital at phase I) to build its demand-creation capital. Ia doing so,
the firm takes advantage of the increasing marginal returns to demand creation,
P44>0, describec by the lower part of fig. 1. Along the optimal traiectory, con-
ditions (8) hold; und the values of the marginal products of both types of capital
are equal. The dynamic behavior of the firm is described by the phase diagrams.
The point (K, 1), where phase I ends and phase II begins, is a discontinuous
point of the controls, i.e., 7 bocomes negative from positive and a becomes
positive from zero. It is not a differential point of A(7), K(¢), and A(r). A cycle in
K(r) begins at this stage where K decreases instead of increasing, and it goes on
decreasing until the end of phase II is reached at point (K, im). At this point, J
acquires a zero value. The direction of the optimal trajectory in the (X, 1) plane
is explained by the horizontal and vertical arrows in fig. 6b, and the direction of
optimal investmsnt in A is explained by the optimal path within phase IT in
fig. 5. »

Phase III: In this phase both X and A increase towand their sieady-state
values (K*, A*). At early stages, both rates ofi investment are increasing though
both g ((4) and fz(K) are negative; the monopolist firm still has the advantages of
Paa>0 for A< 4 and the velatively high elasticities of demand (1/n,,). At later
stages, as p,, changes to negative and the elasticities of demand continue to
diminish, K'and A increase at a decreasing rate until a steady state is reached.

If the initial amount of rescurces is such that the firm starts on segment 3, say
at W,> W?*, both K and 4 decrease until steady state (K*, 4*) is reached. These
processes can be verified frow: figs. 4, 5, and 6¢.

5. Extension of the model

In the following section, while holding to our previous assumptions about the
forms of production function and the price-demand function as well as the
separability assumption, we relax the assumptions of the homogeneity of the
resources allocated between production and demand. It is of great interest to
consider the results of assuming (1) unequal rates of depreciation for the stock of

*°Thus, for example, under increasing returns to scale in production, conditions may arise
[see the discussion in Treadway (1969, pp. 236/7)] that the firm should leave the industry,
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productive capital and the stock of demand-creation capital and (2) separate
adjustment costs for the two stocks of capital.
Thus, the rates of change of the variables X and A over time are given instead
by
K = I-0,K, (ia)

A=a—0,4, (2a)

where o, and o, are the corresponding rates of depreciation of 4 and X.

Ths two adjustment cost functions are f{a) and g(7) where f(0) = g(0) = 0,
J(0) = price of A = 5, = constant, and g0) = price of K == 5, = constant.
An additional assumption that f,, = f, and g,; = g, is applied mainly to sim-
plify the computations. (This assumption is not an essential one and merely
assumes that a quadratic approximation of the functions is enough.)

Undler the above assumptions, (@) and g(7) will be correspondingly

f@) = s,a+ )-;‘-’ a3, 14)
g(l) = s,I+ %’1’. (15)

Now, applying the Maximum Principle by using the current value Lagrangian,
L(As K) ‘11 ' 12 y &, I’ ﬂ) ¢ = P‘?”ﬂ“)'*g(n*‘)-x(ﬂ"“o'z/ﬂ

1 A3(I—0,K) + (4 +a), (16)
(assuming that K+ /> 0; section 3), the following set of equations is obtained :
AySfa (172)
Ay = gn, (17b)
A SA(r+0,)—pag, 17¢)
Ay = Ay(r+063)—4xMRq. (17d)

By differentiating (17a) and (17b) with respect to time and introducing the
results in (17c) and (174), correspondingly, the following equations are obtained
(assuming that (he equalities hold):

Sod = f(@)r+0,)—pug, (18)
gol = g/(I)r+0,)~qxMRg. (19)

Eqs. (18) and (19), together with (1a) and (2a), furnish the basic equations for
describing the optinal trajctories in the (X, A) plane.! ! Butin trying to solve the

tiFor the model presented in section 5, additional work on sufficiency prob'f‘ is in order,
Since this would entail a substantial increass in the amount of mathematical analysis in what is
already an overly long paper, we have decided to leave this consideration for alater work. .
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problem graphically, we encounter the difficulty of reducing the four-dimensional
plane of a two-state variable problem (X, A, 1, A) into a two-dimensional plane
(K, A)..This is done by considering diffsrent cross-sections of this plane; i.c., in
the (K, 4) plane we identify the singular curvesR = 0and 4 = Ogmnlandd
Nevertheless, when the optimal path is described, note that the movement is not
necessarily in a plane where I and d are constant but they may also change. Thus,
the singular curves K = Oand 4 = 0 shift in the plane (K, 4) and, for each point
on the optimal path in the plane (X, A), there correspond two different curves
(K = 0, A = O) representing the given 4 and / of this point. Note that the singular
curves mcve continuouslywithout jumps. Jumps are possible if and onlyif | and d
jump, and these points of discontinuity should be located in advance. In general,
locating the singular curves is not enough to characterize the optimal behavior
of {i:e system, ‘and specific points or regions should be selected in order to
characteriz the optimal behavior. For example, if {K*, 4*} are the steady-state
coordinates, checking the optimal path on the lines K K“ and 4 = 4* supply
us with important information.

Thus, checking the existence of a steady state should be a starting point of the
anslysis. At ihis state, K = 4 = I = 4 = 0 and, introduced in the basic egs.
(1a), (22), (18) and (19), result in the conditions:

_dxsMRq P .
~"'z.~‘*‘8(;'1'.‘32K"l 1T Sy oo A

{Net marginal '; [Net m, rginal ] [Oppommity]

~=0y =T, (20)

value of produc- { | value of demand-| | cost of
tive capltal ] | creation capital L capital

A n-.ecessary ~;ondition for the existence of a steady state is that there exist X*
and 4* for which the equalities in (20) hold and also that, »t K* and 4*, MRg>0
and p,>0. We assume that steady state exists and proce 1 with the analysis of
the dynamic path.

The mapping of the condmonal K = 0 curves, given 1, is derived from eq. (21)
and descnbed in ﬁg 7,

K= 0Idiao~got“(~5’z+goazK)(’+<’z)+GxMRq =0, (21a)
9_‘1 ; goo':(" +063) — gxxMRq — g2(0MRq/éq) >0 (21b)
0K |gwgino wx(0MRq]04) ’

d4 . " &

- —20__ <o, (213
@ |tmarmo — IOMRGAA) @)
dKk| OMRq|oA

aK ., WOMRgjo4) | 214)

- 44 ;éz‘qutu (r+0o3)80
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Eq. (21a) describes the conditional singular curve K = 0 (given dl = 0), (21b)
its slope, (21¢) the shift of the curve caused by a change ir 1, and (21d) the direc-
tion of the movement described by the horizontal arrows (in fig. 7 the horizonial
arrows correspond to K = 0/1 = 0).

As 1 is increased, the curves shift to the right until the curve K = 0/f = 1,,,
coincides with the vertical line at K = K where, at K, MRq(4, K) = O (note that,
by the separability assumption, K is unique for all .4).

* . » i‘f-O/f-f, "(‘"%/*(0
. »

A‘ KQO/!‘I K-O/E'O \ i.o/}.f”“
—
* ss.
A
i
3
l
|
l
|
K* kK
Fig. 7
Similarly, for 4 = 0 curves given 4, we obtain
4=0 ld&motfcd"(sx +£o0, AN r+0,)+pg =0 (22a)
d4 _ __4x(90MRq/04) (22b)
dK |izgino  (F+0 0 fo0)~Pang
dX fo
—_— = e L), (22¢)
dd |iaga=0 9x(0MRq/0A)
ad = Pad (22d)
d4 di=dKk=0 ﬁl(r‘i“al)

In the case where p,, <0, the signs on the right-hand side of (22b) and (22d)
are positive and negative, correspondingly; but if p, >0 is large enough, the
signs will interchange. The corresponding conditional singular curves A=0,

N . . L. .
given &, are described in fig. 8(d, >d;>d;>0).
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‘Figs. 7 and 8 supply us with information about the optimal paths the firm will
select, Starting from an initial point (X,, 4,), the decision variables are d and 1
which determine uniquely the curves:4 = 0.and K = 0; and, therefore, the initial
values of a and 7, assuming continuity,*? will, in fact, determine the behavior
along the optimal path. Thus, for example, from the curvature of the 4 = 0
map, it is clear that, if we start close to X = 0, the movemen* will be diagonally
in the direction of the X axis and then either along the K «.xis uatil a certain level
of K is reached where A starts to increase, or until .. upward optimal path is

Fig. 8

encountered, which leads *oward the steady state. Before we draw the map of the
optimal path toward the steady state, let us consider fig. 9 where the (X, 4)
plane is divided by the two lines vertical at 4* and K* correspondingly. Consider,
first, the direction of the movement from ary point along the vertical line at
A = A* but K<K*. Movement toward the steady state along this line (i.c.,
A = 0) is impossible since, then, @ = 6,4 and also ¢ = 0 so that eq. (18)
cannot hold. If a>a* = 0,4, it is immediate that the right-hand side of eq. (18)
will increase with respect to the steady state since K< X™* and a> ¢, 4. But at the
steady state, equality holds with d = 0; hence, for the equality to coatinue to
hold, d has to be positive. In fact, since we started initially with a> a*, @ will

}2Continuity of 4, A4, and X [see Arrow-Kurz (1970) and Pontryagin (1964)] ensures
continuity and differentiability of the controls by eq. (17) when equality holds, and then eqgs.
(18) and (19) ensure continuity of 4 and 7 in the same range (note that, when A+a = 0, g and
& are not necessarily coutinuous).
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continue to increase and will never reach a* aad enter a diverging process. We
thus have a contradiction, and a <04 must hold as the vertical arrow shows in
fig. 9. For K> K* on the same line using the same reasoning, the vertical arrow
will show the opposite direction. The horizontal arrows can be derived by
applying similar arguments to eq. (19). Thus, all the information can be sum-
marized in fig. 10 where the optimal paths from different initial points are
described.

We note that either quadrant IT or quadrant IV must be used in order to reach
the steady state (K*, A4*). The broken and solid lines trace the unconditional
curves A = 0 and K = 0, respectively, which are, correspondingly, the Jocus of

al

=

K

=Y

Fig. 9

all points on the optimal trajectory where A and K change their signs. Comparing
the present case to the previous one, we nots that, the cycle of an initial increase
in the productive capital (K) - in order to transform part of it later into demand-
creation capital ~ does not necessarily always occur when there are high adjust-
ment costs involved. However, ths influence of increasing marginal returns to
demand-creation capital srevents growth in 4 up to a certain point. Morzover,
if the firm starts with an initial positive level of A, it will depreciate it toward
zero: then, from a certain point, 4 will increase at a very fast rate of growth,
while K will either increase at a slower rate or, exactly as in the previous case,
depreciate. Thus, the cycles obtained in the previous model appear in the
extended mode! as well. These differsnt phases in the behavior of the growing
firm seem to be in close & sreement with observed facts. The economic reasoning
is quite simple. In order to keep the stock at its existi.ig level, the firm should
invert the amount of the depreciated stock; and a reduction in the stock is
achieved by zero level of investment (negative net investment). If there is an
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excess in one of the stocks, negative net investment oocurs and, in spite of the
cost of adjustments, diffsrences in the corresponding net marginal values of the
two resources [eq. (20)] will cause ‘consumption’ of one resource by the other
more remuneraung resource.

Al

Fig. 10

Appendix A

The question of the sufficiency of the necessary conditinns stated in egs. (6)
and (12) will be dealt with herc. Note first that, if the initial conditions are such
that the firm starts either in segment 1 or in segment 3 and the steady state is in
the same segment the firm started from, we certainly have a concave integrand;
and the necessary conditions are also sufficient [Arrow,.and Kurz (1970, pp.45/6)].

In the general case, sufficiency can be shown considering an alternative formu-
lation of the problem stated in (4):

max { [pg—w(c)]e™" dt

subject to:
G=A+K,
G=A20,
: G = C—aG,
and

G+C20.
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This problem can be solved as a two-stage maximization, At the first stage, a
decision is made on the allocation of K and 4 provided G is given; at the second
stage, G and C are determined. The first stage is a simple static Kuhn-Tucker
problem, while the second stage is the actual control problem with one state
variable and one control.

The Kuhn-Tucker solution to the problem, max pg, subject to A+K =G
and A20, willbe:

P49S4xMRyq, (A.1)

which is a version of eq. (9) in the text. Equality will hold in (A.1) if und only if
A#0andX # 0.

The equality condition will be necessary and suificient (i.e., concavity of the
objective function) if and only if

Pas9— 2P 49x(1 +1,) +q2(OMRgjdq) +qxx MRq <O0.

By the assumptions that the production function is concave and 14-1,,>0,
it is easy to verifv that all terms except p , ,q are always negative. The sign of p,, ,
depends on A. If 4 is such that, if equality (A.1) holds and p, > 2p,gx(1 +n,,)
~-q2(0OMRq|0q)—qxx M Rq, then equality (A.1) is not a sufficicnt condition; by
Kuhn-Tucker theorem, inequality will hold, i.e., 4 = 0, and the firm will be in
phase I,

If G is such that equality (A.1) holds, though p . . > 0 since

Paad<2p,qx(1+1,)) —qR(@MRq|0g)—qxx MRy,

then (A.1) is a necessary and sufficient condition, and both K>0 and 4> 0. This
condition holds ir: phases II and III.
The necessary conditions for the control problem are then

w, = A, . (A2)
A = A(r+0)—[3(pg)/oG], (A3)

where pq is a function of G and, in phase I, G satisfies 4 = 0and G = K. In
phases II and III, 4 and K are related through eq. (9), and their sum is equal to
G. Now it can be verified that H°[the value of the Hamiltonian when c¢ satisfies
(A.2) in phase Tand (A.2) and (9) in phases II and III]is a concave: function of G.
In conclusion, there is an alternative direct way i calculate and compare all
possible solutions as described in fig. 3. The argumentation which has a sirong
intuitive appeal runs as follows: A movement from any initial starting point
toward the steady state involves moving from one 45° line to the next one in a
way that will maximize tae cash flow function. Now compare this by calculating
the cash flow values of all points along a given 45° line. It is easy to show that
the point of intersection between this line and the Q-curve maximizes the inte-
grand for a given 45° budget line which proves our assertion. Note, too, that, if
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part of segment 2 has a negative slope of less than 45°, an immediate adjustment
occurs in-the level of 4 from zero to a certain positive amount. This is a clear
exaniple of 3umps in the state variable [Arrow and Kurz (1970, p. 51)).
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